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Abstract-one of the most important problems of coding theory is to construct codes with beat 
possible minimum distances. In this paper, we use the algebraic structure of quasi-cyclic codes and 
the BCH type bound on the minimum distance to search for quasi-cyclic codes over IFS, the finite field 
with five elements, which improve the minimum distances of best-known linear codes. We construct 
15 new linear codes of this type. @ 2002 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Let IF, denote the finite field of order q. A linear code C of length n over F, is a vector subspace 
of V := IF;. The elements of C are called codewords. If the dimension of% is Ic and the minimum 
(Hamming) weight of a codeword in C is d, it is called an [n, k, d],-code. 
One of the main problems of coding theory is to find optimal values of the parameters n, k, 
and d (for a given value of q) and to explicitly construct such codes. One version of the problem 
is to find the maximum value of d, given n and Ic. This value is denoted by d,(n, Ic). There are 
bounds on minimum distances of linear codes; see, for example, [l]. An up-to-date table of the 
best-known linear codes over IF, for q = 2,3,4,5,7,8, and 9, up to certain lengths and dimensions, 
is maintained by Brouwer and is available at the website listed in [2]. In many cases, best-known 
codes have minimum distances smaller than the values obtained from the (best-known) theoretical 
bounds. 
The paper is organized as follows. We summarize some of the basic facts concerning structures 
of QC codes in the next section (more detailed description can be found in [3,4]), and describe 
the search method and the results in the final section. 
2. QUASI-CYCLIC CODES 
Let n = lm, where 1, m E N and 
p1 : c + v, 
Pl (((33, ‘. .1 cn-1)) = (co-1,~. .1 Q-1,. . .7 %-l-l), 
wherec=(q,,cl,... , c,,-1) E C and subscripts are taken mod n. 
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DEFINITION 2.1. A linear code C is called an l-quasi-cyclic (l-&C) code if C is invariant under ~1, 
i.e., pi(C) = C. 
In other words, a cyclic shift of any codeword by 1 positions is still a codeword. 
It is well known that a code is l-&C if and only if it is (I,n)-QC [5], where (1,n) denotes the 
greatest common divisor of 1 and n. We will therefore assume that 1 1 n, so that n = ml for some 
integer m. The special case (1,n) = 1 gives the class of cyclic codes. The class of quasi-cyclic 
codes which contains the cyclic codes as a subclass forms an important class of linear codes 
because many best-known codes are of this type and they are known to contain asymptotically 
good sequences of codes; they meet a version of Gilbert-Varshamov bound [6]. Moreover, they 
have more structure than arbitrary linear codes. Recently, there has been much research on QC 
codes and a large number of linear codes of this type with parameters better than previously 
best-known linear codes have been obtained. Some of the work in this area can be found in 
[4,7-101. 
2.1. Structure of l-Generator QC Codes 
A matrix of the form 
90 91 Q2 . . + sm-1 
gm-1 go 91 . . . gm-2 
h-2 sm-1 go . . . gm-3 
_ 91 92 Q3 ... 90 _ 
is called a circulant matrix of order m or simply a circulant matrix. 
If a code C’s can be obtained from another code Cl by permuting the coordinate positions, 
then Cs is said to be (permutation) equivalent to Cl. It is shown in [ll] that the generator ma- 
trices of QC codes can be transformed into blocks of circulant matrices by a suitable permutation 
of columns. 
Similar to the cyclic code case, an l-&C code over F, of length n = ml can be viewed as 
an lFq[z]/(sm - 1) submodule of (P,r[zr]/(zm - 1))‘. Then an r-generator QC code is spanned 
by T elements of (P~[z]/(zm - 1))‘. In this paper, we restrict ourselves to l-generator QC codes. 
Recently, the algebraic structure of r-generator QC codes has been investigated by use of GrGbner 
bases in [3]. 
The following theorem, which plays an important role in our research, appears in [12]. 
THEOREM 2.1. Let C be a l-generator l-&C code of length n = ml, (q, m) = 1, over F, with the 
generator of the form 
where g(z) 1 (cP - 11, ds),fi(z) E Pqbll(zm - I), Vi(z), (zcm - 1)/g(z)) = 1, and degfi(x) < 
m - degg(z) for all 1 I i I 1. Then, 1 . ((# of consecutive roots ofg(z)) + 1) 5 d(C), and 
dimension of C is equal to m - deg(g(z)). 
3. THE RESULTS 
3.1. The Search Method 
We have restricted our research to l-generator QC codes with generators of the following form: 
(O), f2(2)9(2), . . .7 fi(ZMS)). 
In most cases, we take 1 = 2. In order to refine the search, we consider polynomials g(z) 
which give highest possible theoretical minimum distances in Theorem 2.1. Having chosen m 
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and g(x) (hence, determining the length and the dimension), we search over fi(x) by the help 
of a computer program written in C++. Since we fix the length and the dimension, we have a 
target minimum distance and the program checks if given fi(x)s yield a code with a minimum 
distance higher than the target. If not, the search continues with other instances of fi(x)s. In 
the case when 1 = 2, we are searching for only one f(x) with deg(f(x)) < m - deg(g(x)). In this 
case, the search is exhaustive if the dimension is not too large. We illustrate the search method 
in the following example. 
Let m = 24 and let 
g(x) = xl6 + 2x14 + 4x13 + 4x12 + 3x’l + 22’0 + 3x9 + 32s + 3x7 + Z-5 + 2x4 + 22 + 2 
be the manic polynomial of least degree dividing x24 - 1 and having ai, 7 5 i < 18, among its 
zeros, where cy is a primitive 24th root of unity. Then the cyclic code of length 24 generated by g(x) 
has dimension 8 and minimum distance at least 13, and a QC code C of the form (g(x), g(x)f(x)) 
with (f(x), (x24 - 1)/g(x)) = 1, degf(x) < 8 h as d imension 8 and minimum distance > 26 by 
Theorem 2.1. Let f(x) = 2x2 + x3 + 2x5 + 3x6, then f(x) satisfies both conditions. It turns out 
that the actual minimum distance of C is 30 and we get a better code than the best-known linear 
[48,8, 2915-code over Fs. The weight enumerator of this code is 
where the base numbers represent the weights and the exponents represent the number of code- 
words with the weight given in the base. 
3.2. The Generator Matrices 
Since a generator matrix of a l-generator QC code is determined by the first row alone, we are 
going to give only the first rows of generator matrices, where the blocks will be separated by a 
comma. A polynomial is represented as a string of length m over the appropriate alphabet (lF5) 
and a vector of polynomials is represented as a concatenated string with commas separating 
strings corresponding to different polynomials. For example, if m = 7, fi(x) = x3 + 4x + 2 
and fs(x) = x6 +2x + 1, both in Fs[x], then (fi(x),f2(x)) is represented by (0001042,1000021). 
We also have the weight enumerators computed, but will not present them here for the sake of 
space. Finally, we remark that there are further improvements on minimum distances by such 
elementary constructions as puncturing and shortening. 
1. A [42,8,25]s code: 
(444124202230431441320,402132041330202401210). 
2. A [48,8,30]5 code: 
(220021033323442010000000,040332240013343200014311). 
3. A [52,8,32]s code: 
(00000004440134300021240111,44340122242441324042213421). 
4. A [52,9,31]5 code: 
(00000000120334303303433021,00003244032224231231413431). 
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5. A [48,9,28]~ code: 
(000000001123312002133211,000003304321243320434101), 
6. A [44,10,24]5 code: 
(124140204443100000000012,03331100402203322341). 
7. A [48,10,27]5 code: 
(000000000100440430202211,101441340343022020402430). 
8. A [52,10,30]5 code: 
(00000000112113202023112110,12123433231043413100122110). 
9. A [62,7,42]5 code: 
(0000134031111431232134111130431,01332132221321i3430342413020141). 
10. A (62,10,37]5 code: 
(0000000004110300111104110322011,2003130120024143034231033114321). 
11. A [62,12,34]5 code: 
(0000000000040324322403342012001,0000044340443304200210121433111). 
12. A [66,11,38]5 code: 
(000000000013213420243101204131401,010101404101110330040432331004130). 
13. A [78,6,56]5 code: 
(421202420324141224341131013221033212200, 
442124232313431104310123230002323404210) 
14. A [78,8,52]~ code: 
(443211404000112214002412340402041324320, 
401214111041110430302034230000434242221). 
15. A [78,9,50]5 code: 
(143102400313330333030110000030122430311, 
141040301202400311022103142442333111000). 
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